ADVANCED
FNGINFEFERING



A new edition of Further
Engineering Mathematics

K. A. Stroud

Formerly Principal Lecturer
Department of Mathematics, Coventry University

with additions by
Dexter ]. Booth

Principal Lecturer
School of Computing and Engineering, University of Huddersfield

FOURTH EDITION

Review Board for the fourth edition:
Dr Mike Gover, University of Bradford
Dr Pat Lewis, Staffordshire University
Dr Phil Everson, University of Exeter
Dr Marc Andre Armand, National University of Singapore
Dr Lilia Ferrario, The Australian National University
Dr Bernadine Renaldo Wong, University of Malaya, Malaysia

Additional reviewers:
Dr John Appleby, University of Newcastle
Dr John Dormand, University of Teesside

palgrav

macmilian



© K.A. Stroud 1986, 1990, 1996
© KA. Stroud and Dexter J. Booth 2003

All rights reserved. No reproduction, copy or transmission of this
publication may be made without written permission.

No paragraph of this publication may be reproduced, copied or transmitted
save with written permission or in accordance with the provisions of the
Copyright, Designs and Patents Act 1988, or under the terms of any licence
permitting limited copying issued by the Copyright Licensing Agency, 90
Tottenham Court Road, London WI1T 4LP.

Any person who does any unauthorised act in relation to this publication
may be liable to criminal prosecution and civil claims for damages.

The authors have asserted their rights to be identified as the authors
of this work in accordance with the Copyright, Designs and Patents
Act 1988

First edition 1986

Reprinted twice

Second edition 1990

Reprinted eight times

Third edition 1996

Reprinted five times

Fourth edition 2003

Published by

PALGRAVE MACMILLAN

Houndmills, Basingstoke, Hampshire RG21 6XS and
175 Fifth Avenue, New York, N.Y. 10010
Companies and representatives throughout the world

PALGRAVE MACMILLAN is the global academic imprint of the Palgrave
Macmillan division of St. Martin’s Press, LLC and of Palgrave Macmillan Ltd.
Macmillan® is a registered trademark in the United States, United Kingdom
and other countries. Palgrave is a registered trademark in the European
Union and other countries.

ISBN-13: 978-1-4039-0312-9
ISBN-10: 1-4039-0312-3

This book is printed on paper suitable for recyding and made from fully
managed and sustained forest sources.

A catalogue record for this book is available from the British Library.

10 9 8 7 6 5 4 3
12 11 10 09 08 07 06

Printed and bound in Great Britain by CPD (Wales) Ltd, Ebbw Vale



Contents

Preface to the First Edition
Preface to the Second Edition
Preface to the Third Edition
Preface to the Fourth Edition
Hints on using the book

Useful background information

Learning outcomes
Introduction
The Fundamental Theorem of Algebra
Relations between the coefficients and the roots of a

polynomial equation
Cubic equations
Transforming a cubic to reduced form
Tartaglia’s solution for a real root
Numerical methods
Bisection
Numerical solution of equations by iteration
Using a spreadsheet
Relative addresses
Newton-Raphson iterative method
Tabular display of results
Modified Newton-Raphson method
Interpolation
Linear interpolation
Graphical interpolation
Gregory-Newton interpolation formula using forward finite
differences
Central differences
Gregory-Newton backward differences
Lagrange interpolation
Revision summary 1
Can You? Checklist 1
Test exercise 1
Further problems 1

xvii
xviii

NN =



Contents

Learning outcomes
Introduction
Laplace transforms
Theorem 1 The first shift theorem
Theorem 2 Multiplying by t and t*
Theorem 3 Dividing by t
Inverse transforms
Rules of partial fractions
The ‘cover up’ rule
Table of inverse transforms
Solution of differential equations by Laplace transforms
Transforms of derivatives
Solution of first-order differential equations
Solution of second-order differential equations
Simultaneous differential equations
Revision summary 2
Can You? Checklist 2
Test exercise 2
Further problems 2

Learning outcomes
Introduction
Heaviside unit step function
Unit step at the origin
Effect of the unit step function
Laplace transform of u(t — c)
Laplace transform of u(t — c¢)f (t — ¢) (the second shift
theorem)
Revision summary 3
Can You? Checklist 3
Test exercise 3
Further problems 3

Learning outcomes
Laplace transforms of periodic functions
Periodic functions

Inverse transforms
The Dirac delta function - the unit impulse

Graphical representation

Laplace transform of §(t — a)

The derivative of the unit step function
Differential equations involving the unit impulse
Harmonic oscillators

47
48
48
55
56
58
61
62
66
68
69
69
71
74
81
87
89
90
920

92
93
93
94
94
97

98
108
109
109
110

111
112
112
118
122
123
124
127
128
131



Contents

Damped motion
Forced harmonic motion with damping
Resonance
Revision summary 4
Can You? Checklist 4

Test exercise 4
Further problems 4

Learning outcomes
Introduction
Sequences
Table of Z transforms
Properties of Z transforms
Inverse transforms
Recurrence relations

Initial terms
Solving the recurrence relation
Sampling

Revision summary §

Can You? Checklist 5

Test exercise 5

Further problems 5

Learning outcomes
Introduction
Periodic functions
Graphs of y = Asinnx
Harmonics
Non-sinusoidal periodic functions
Analytic description of a periodic function
Integrals of periodic functions
Orthogonal functions
Fourier series
Dirichlet conditions
Effects of harmonics
Gibbs’ phenomenon
Sum of a Fourier series at a point of discontinuity
Functions with periods other than 2«
Function with period T
Fourier coefficients
0Odd and even functions
Products of odd and even functions
Half-range series
Series containing only odd harmonics or only even
harmonics

132
135
138
139
141
142
143

144
145
145
148
149
154
157
158
159
163
166
168
169
169

172
173
173
173
174
175
176
179
183
183
186
193
194
195
197
197
198
201
204
212

216



vi

Contents

Significance of the constant term }ao
Half-range series with arbitrary period
Revision summary 6
Can You? Checklist 6
Test exercise 6
Further problems 6

Learning outcomes
Complex Fourier series
Introduction
Complex exponentials
Complex spectra
The two domains
Continuous spectra
Fourier’s integral theorem

Some special functions and their transforms

Even functions
0Odd functions
Top-hat function
The Dirac delta
The triangle function
Alternative forms
Properties of the Fourier transform
Linearity
Time shifting
Frequency shifting
Time scaling
Symmetry
Differentiation
The Heaviside unit step function
Convolution
The convolution theorem
Fourier cosine and sine transforms
Table of transforms
Revision summary 7
Can You? Checklist 7
Test exercise 7
Further problems 7

Learning outcomes
Higher derivatives
Leibnitz theorem
Choice of functions of u and v

219
220
223
225
227
228

231
232
232
232
237
238
239
241
244
244
244
246
248
250
251
251
251
252
252
253
253
254
255
257
258
261
263
263
267
268
268

271
272
275
277



Contents

Power series solutions
Leibnitz-Maclaurin method
Frobenius’ method
Solution of differential equations by the method of Frobenius
Indicial equation
Bessel’s equation
Bessel functions
Graphs of Bessel functions Jo(x) and J;(x)
Legendre’s equation
Legendre polynomials
Rodrigue’s formula and the generating function
Sturm-Liouville systems
Orthogonality
Legendre’s equation revisited
Polynomials as a finite series of Legendre polynomials
Revision summary 8
Can You? ChecKklist 8

Test exercise 8
Further problems 8

Learning outcomes
Introduction
Taylor’s series
Function increment
First-order differential equations
Euler’s method
The exact value and the errors
Graphical interpretation of Fuler’s method
The Euler-Cauchy method - or the improved Euler method
Euler—Cauchy calculations
Runge-Kutta method
Second-order differential equations
Euler second-order method
Runge-Kutta method for second-order differential equations
Predictor—corrector methods
Revision summary 9
Can You? ChecKlist 9
Test exercise 9
Further problems 9

Learning outcomes
Small increments

Taylor’s theorem for one independent variable
Taylor’s theorem for two independent variables

278
279
286
286
289
305
307
311
311
311
312
315
316
317
318
319
323
324
324

327
328
328
329
330
330
339
343
345
346
351
355
355
357
362
365
367
367
368

370
371
371
371



Contents

Small increments
Rates of change
Implicit functions
Change of variables
Inverse functions
General case
Stationary values of a function
Maximum and minimum values
Saddle point
Lagrange undetermined multipliers
Functions with two independent variables
Functions with three independent variables
Revision summary 10
Can You? Checklist 10
Test exercise 10
Further problems 10

Learning outcomes
Introduction
Partial differential equations

Solution by direct integration
Initial conditions and boundary conditions
The wave equation
Solution of the wave equation
Solution by separating the variables
The heat conduction equation for a uniform finite bar
Solutions of the heat conduction equation
Laplace’s equation
Solution of the Laplace equation
Laplace’s equation in plane polar coordinates
The problem
Separating the variables
The n =0 case

Revision summary 11

Can You? Checklist 11

Test exercise 11

Further problems 11

Learning outcomes
Singular and non-singular matrices
Rank of a matrix

Elementary operations and equivalent matrices
Consistency of a set of equations
Uniqueness of solutions

373
375
376
377
382
384
390
391
398
403
403
405
409
410
411
412

414

415
416
416
417
418
419
419
428
429
434
435
439
440
441
444
446
447
448
449

451
452
453
454
458
459



Contents

Solution of sets of equations
Inverse method
Row transformation method
Gaussian elimination method
Triangular decomposition method
Comparison of methods
Eigenvalues and eigenvectors
Cayley-Hamilton theorem
Systems of first-order ordinary differential equations
Diagonalisation of a matrix
Systems of second-order differential equations
Matrix transformation
Rotation of axes

Revision summary 12
Can You? Checklist 12
Test exercise 12
Further problems 12

Learning outcomes
Introduction
Numerical approximation to derivatives
Functions of two real variables
Grid values
Computational molecules
Summary of procedures
Derivative boundary conditions
Second-order partial differential equations
Second partial derivatives
Time-dependent equations
The Crank-Nicolson procedure
Dimensional analysis

Revision summary 13

Can You? Checklist 13

Test exercise 13

Further problems 13

Learning outcomes
Introduction
Differentials
Exact differential
Integration of exact differentials
Area enclosed by a closed curve
Line integrals
Alternative form of a line integral

463
463
467
471
474
480
480
487
488
493
498
505
507
509
512
513
514

517

518
518
521
522
525
529
532
536
537
542
547
554
555
559
560
561

566
567
575
578
579
581
585
586



Contents

Properties of line integrals 589
Regions enclosed by closed curves 591
Line integrals round a closed curve 592
Line integral with respect to arc length 596
Parametric equations 597
Dependence of the line integral on the path of integration 598
Exact differentials in three independent variables 603
Green's theorem 604
Revision summary 14 611
Can You? Checklist 14 613
Test exercise 14 614
Further problems 14 615

Learning outcomes 617
Double integrals 618
Surface integrals 623
Space coordinate systems 629
Volume integrals 634
Change of variables in multiple integrals 643
Curvilinear coordinates 645
Transformation in three dimensions 653
Revision summary 15 655
Can You? Checklist 15 657
Test exercise 15 658
Further problems 15 658

Learning outcomes 661
Integral functions 662
The gamma function 662
The beta function 670
Relation between the gamma and beta functions 674
Application of gamma and beta functions 676
Duplication formula for gamma functions 679
The error function 680
The graph of erf (x) 681
The complementary error function erfc (x) 681
Elliptic functions 683
Standard forms of elliptic functions 684
Complete elliptic functions 684
Alternative forms of elliptic functions 688
Revision summary 16 691
Can You? Checklist 16 693
Test exercise 16 694

Further problems 16 694



Contents

Learning outcomes
Introduction
Triple products
Properties of scalar triple products
Coplanar vectors
Vector triple products of three vectors
Differentiation of vectors
Differentiation of sums and products of vectors
Unit tangent vectors
Partial differentiation of vectors
Integration of vector functions
Scalar and vector fields
Grad (gradient of a scalar field)
Directional derivatives
Unit normal vectors
Grad of sums and products of scalars
Div (divergence of a vector function)
Curl (curl of a vector function)
Summary of grad, div and curl
Multiple operations
Revision summary 17
Can You? Checklist 17
Test exercise 17
Further problems 17

697
698
703
704
705
707
710
715
715
718
718
721
721
724
727
729
731
732
733
735
738
740
741
741

Learning outcomes
Line integrals
Scalar field
Vector field
Volume integrals
Surface integrals
Scalar fields
Vector fields
Conservative vector fields
Divergence theorem (Gauss’ theorem)
Stokes’ theorem
Direction of unit normal vectors to a surface §
Green’s theorem
Revision summary 18
Can You? Checklist 18
Test exercise 18
Further problems 18

744
745
745
748
752
756
757
760
765
770
776
779
785
788
790
791
792



xii Contents

Learning outcomes 795
Curvilinear coordinates 796
Orthogonal curvilinear coordinates 800
Orthogonal coordinate systems in space 801
Scale factors 805
Scale factors for coordinate systems 806
General curvilinear coordinate system (u, v, w) 808
Transformation equations 809
Element of arc ds and element of volume dV in orthogonal
curvilinear coordinates 810
Grad, div and curl in orthogonal curvilinear coordinates 811
Particular orthogonal systems 814
Revision summary 19 816
Can You? Checklist 19 818
Test exercise 19 819
Further problems 19 820

Learning outcomes 821
Functions of a complex variable 822
Complex mapping 823

Mapping of a straight line in the z-plane onto the w-plane
under the transformation w = f(z) - 825
Types of transformation of the form w=az+b 829
Non-linear transformations 838
Mapping of regions 843

Revision summary 20 857

Can You? Checklist 20 858

Test exercise 20 858

Further problems 20 859

Learning outcomes 861
Differentiation of a complex function 862
Regular function 863
Cauchy-Riemann equations 865
Harmonic functions 867
Complex integration 872
Contour integration - line integrals in the z-plane 872
Cauchy’s theorem 875
Deformation of contours at singularities 880
Conformal transformation (conformal mapping) 889
Conditions for conformal transformation 889

Critical points 890



Contents

Schwarz-Christoffel transformation 893
Open polygons 898
Revision summary 21 904
Can You? Checklist 21 905
Test exercise 21 906
Further problems 21 907

Learning outcomes 909
Maclaurin series 910
Radius of convergence 914
Singular points 915

Poles 915

Removable singularities 916
Circle of convergence 916
Taylor’s series 917
Laurent’s series 919
Residues 923
Calculating residues 925
Integrals of real functions 926

Revision summary 22 933

Can You? Checklist 22 935

Test exercise 22 936

Further problems 22 937

Learning outcomes 940
Optimization 941
Linear programming (or linear optimization) 941
Linear inequalities 942
Graphical representation of linear inequalities 942

The simplex method 948
Setting up the simplex tableau 948
Computation of the simplex 950
Simplex with three problem variables 958
Artificial variables 962
Minimisation 973
Applications 977
Revision summary 23 981
Can You? Checklist 23 982
Test exercise 23 983
Further problems 23 984
Appendix 989
Answers 998

Index 1027






Preface to the First
Edition

The purpose of this book is essentially to provide a sound second year
course in Mathematics appropriate to studies leading to B.Sc.
Engineering Degrees and other qualifications of a comparable level.
The emphasis throughout is on techniques and applications,
supported by sufficient formal proofs to warrant the methods being
employed.

The structure of the text and the techniques used follow closely
those of the author's first year book, Engineering Mathematics —
Programmes and Problems, to which this further book is a companion
volume and a continuation of the highly successful learning strategies
devised. As with the previous work, the text is based on a series of self-
instructional programmes arising from extensive research and rigid
evaluation in a variety of relevant courses and, once again, the
individualised nature of the development makes the book eminently
suitable both for general class use and for personal study.

Each of the course programmes guides the student through the
development of a particular topic, with numerous worked examples to
demonstrate the techniques and with increased responsibility passing
to the student as mastery is achieved. Revision exercises are provided
where appropriate and each programme terminates with a Revision
Summary of the main points covered, a Test Exercise based directly on
the work of the programme and a set of Further Problems which
provides opportunity for the additional practice that is essential for
ensured success. The ability to work at one’s own pace throughout is of
utmost importance in maintaining motivation and in achieving
mastery.

In several instances, the topic of a programme is a direct extension
of basic work covered in Engineering Mathematics and where this is so,
the title page of the programme carries a brief reference to the relevant
programme in the first year treatment. This clearly directs the student
to worthwhile revision of the prerequisites assumed in the further
development of the subject matter.

A complete set of Answers to all problems and a detailed Index are
provided at the end of the book.

Grateful acknowledgement is made of the constructive suggestions
and cooperation received from many quarters both in the develop-
ment of the original programmes and in the final preparation of the
text. Recognition must also be made of the many sources from which
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xvi Preface to the First Edition

examples have been gleaned over the years and which contribute in
no small measure to the success of the work.

Finally my sincere appreciation is due to the publishers for their
patience, advice and ready cooperation in the preparation of the text
for publication.

K.A. Stroud




Preface to the Second
Edition

Since the first publication of Further Engineering Mathematics as core
material for a typical second year engineering degree course, requests
have been received from time to time for the inclusion of further
topics to cover the particular requirements of individual syllabuses.

Some limit, inevitably, has to be placed on the physical size of the
text, but it has been possible at least to include a programme on Linear
Optimisation (Linear Programming) which was one of the subjects most
frequently required.

The treatment of the additional material follows the structure of the
rest of the book and the emphasis is largely on the practical use of the
simplex method for the solution of both maximisation and minimisa-
tion problems.

The opportunity has also been taken to amend and clarify a number
of minor points in the existing text and my thanks are due to those
correspondents who have undertaken to write with constructive
comment. Such feedback is always welcome.

K.A.S.



Preface to the Third
Edition

With the new edition of Further Engineering Mathematics, the
opportunity has been taken to incorporate a number of minor
revisions and amendments to the previous text.

The format of the pages has been changed and the publishers have
undertaken the complete resetting of the text to result in a more open
presentation of the material and to facilitate the learning process still
further.

Once again, my sincere thanks are due to all those correspondents
who have kindly written with constructive comment concerning the
book and to the publishers for their continued support, advice and
cooperation throughout the preparation, production and marketing of
the work.

K.AS.



Preface to the Fourth
Edition

It is now nearly 20 years since Advanced Engineering Mathematics (in
earlier editions called Further Engineering Mathematics) by Ken Stroud
was published and from the start it has been one of the most widely
used and successful textbooks for science and engineering students at
this level. I am delighted to have been asked to contribute to a new
edition. As with the fifth edition of Engineering Mathematics 1 have
endeavoured to retain the very essence of the book that has
contributed to so many students’ mathematical abilities over the
years, particularly the time-tested Stroud format with its close
attention to technique development throughout. In my task I have
been greatly assisted by a first-rate team of academics who have
worked alongside me in the development of this edition. To them I
should like to express my sincere gratitude for all the detailed care and
consideration they have given to all my contributions.

Immediately noticeable is the title change from Further Engineering
Mathematics to Advanced Engineering Mathematics which, it is felt, more
clearly describes the contents to a world-wide audience. Because a
substantial amount of material in the first two Programmes of the
earlier editions is no longer taught in the detail given, the first
significant change to the contents has been their consolidation into a
single Programme called Numerical solutions of equations and interpola-
tion. To cater for continual changes in engineering mathematics four
new Programmes have been added: Z transforms, Introduction to the
Fourier transform, Numerical solutions of partial differential equations and
Complex analysis 3, the last dealing with complex integration. The two
original Programmes dealing with the Laplace transform have been
separated into three Programmes with the addition of new material on
harmonic oscillators. Sturm-Liouville systems have been introduced
into the Programme Power series solutions of ordinary differential
equations and predictor—corrector methods have been added to the
Programme Numerical solutions of ordinary differential equations.

To follow the format of the fifth edition of Engineering Mathematics
and to give as much assistance as possible in organising the student’s
study I have introduced specific Learning outcomes at the
beginning and Can You? checklists at the end of each Programme.
In this way the learning experience is made more explicit and the
student is given greater confidence in what has been learnt.

Xix



Preface to the Fourth Edition

It is only in working on this new edition, just as with the earlier
book Engineering Mathematics, that the enormity of Ken Stroud’s
achievement can be really understood. The vast amount of work
involved, the care and attention to detail and above all the complete
understanding of his students and their learning processes are
apparent in every page. It has been both a challenge and an honour
to be able to work on such a book. I should like to thank the Stroud
family again for their support in my work for this new edition. I
should also like to thank my Editor, Helen Bugler, and her erstwhile
assistant, Esther Thackeray, for their continued good humour, care
and professionalism that have been invaluable in the creation of this
new edition.

Huddersfield Dexter J. Booth
February 2003



Hints on using the
Book

This book contains twenty-three Programmes, each of which has been
written in such a way as to make learning more effective and more
interesting. It is almost like having a personal tutor, for you proceed at
your own rate of learning and any difficulties you may have are
cleared before you have the chance to practise incorrect ideas or
techniques.

You will find that each Programme is divided into sections called
frames. When you start a Programme, begin at Frame 1. Read each
frame carefully and carry out any instructions or exercise which you
are asked to do. In almost every frame, you are required to make a
response of some kind, testing your understanding of the information
in the frame, and you can immediately compare your answer with the
correct answer given in the next frame. To obtain the greatest benefit,
you are strongly advised to cover up the following frame, where
necessary, until you have made your response. When a series of dots
occurs, you are expected to supply the missing word, phrase, or
number. At every stage, you will be guided along the right path. There
is no need to hurry: read the frames carefully and follow the directions
exactly. In this way, you must learn.

At the end of each Programme, you will find a Revision summary
and a Can You? checklist that matches the Learning outcomes
given at the beginning of the Programme. Read these carefully to make
sure you have not missed anything. Next you will find a short Test
exercise. This is set directly on what you have learned in the
Programme: the questions are straightforward and contain no tricks.
When you have completed these, return to the Can You? checklist as
a final reminder of the contents of the Programme. To provide you
with the necessary practice, a set of Further problems is also
included. Remember that in mathematics, as in many other situations,
practice makes perfect — or more nearly so.

Even if you feel you have done some of the topics before, work
steadily through each Programme: it will serve as useful revision and
fill in any gaps in your knowledge that you may have.



Useful background
information

1 Algebraic identities
(a+b?=a*+2ab+1* (a+Db)® =a®+3a’b+3ab? +1°
(a-b)?>=a®>-2ab+b* (a-b)®=a®—-3a®b+3ab® - P
(a+Db)* = a* + 4a°b + 6a*V* + 4ab® + b*
(a—b)* = a* — 4a®b + 6a*V* — 4ab® + b*
a> - =(a—-b)a+b)
a® +b® = (a+b)(a®> —ab + P?)
a3 — b = (a—Db)(a® +ab+ P?)
2 Trigonometrical identities
(1) sin?0+cos’6=1; sec’d=1+tan’9;
cosec? =1+ cot? 9
(2) sin(A+B) =sinAcosB+ cosAsinB
sin(A — B) =sin A cos B — cos AsinB
c0s(A + B) = cos AcosB —sinAsinB
cos(A —B) = cosAcosB +sinAsin B

tanA + tanB
tan(A4 +B) = 1 —-tanAtanB
tanA — tanB
tan(4 —B) = 1+tanAtanB
(3) Let A=B=6 .. sin20=2sinfcosd
co0s 20 = cos® g — sin% 0
=1-2sin?0=2cos26-1
2tané
tan20 = ————
an 1 —tan?4
_¢ O S
4) Leté'—2 . sm¢—231nzcosz
2?29
COS ¢ = Ccos 2 sin’ 2
1 _9en2?_ 29
=1-2sin z—2cosz 1



Useful background information

Ztanis

tan¢ = 2¢

1 — tan2
(5) sinC +sinD = ZsmC; cosC;D
sinC—sinD:Zcos-C—l_TDsinC;D
cosC+ cosD = ZCOSC;DCOSC;D
cosD—cosC=251nC;DsmC;D

(6) 2sinA cosB = sin(A + B) + sin(A — B)
2cosAsinB = sin(A + B) —sin(4 — B)
2 cos A cos B = cos(A + B) + cos(A — B)
2sin A sin B = cos(A — B) — cos(A + B)
(7) Negative angles: sin(—6) = —siné
cos(—0) = cos @
tan(—6) = —tané
(8) Angles having the same trigonometrical ratios:
(a) Same sine: 0 and (180° — 6)
(b) Same cosine: ¢ and (360° — 0), i.e. (—6)
(c) Same tangent: 6 and (180° + 6)
(9) asinf+ bcosd = Asin(f + o)
asind — bcosf = Asin(f — )
acosf+ bsinf =Acos(d — o)
acosf —bsinf = Acos(0+ o)

A=+/a?+Dp?

where b
a=tan™! 2 (0° < a < 90°)

3 Standard curves
(a) Straight line

_ Y _r-n
Sl
ope, m dx X2 — X1
Angle between two lines, tanf = M2~
1+mymy

For parallel lines, my = my

For perpendicular lines, mym; = —1



xxiv

Useful background information

Equation of a straight line (slope = m)

(1) Intercept c on real y-axis: y=mx+c¢

(2) Passing through (x1, y1): y —y1 =m(x — x1)
y=y1 _X—x
-y x-x

(3) Joining (x1, y1) and (x2, y2):

(b) Circle
Centre at origin, radius r: x* +y? =12
Centre (h, k), radius r: (x —h)?>+ (y — k)2 =12
General equation: x% + % +2gx +2fy +c=0

with centre (—g, —f): radius = 1/g2+f2 — ¢

Parametric equations: x =rcosé, y =rsiné
(c) Parabola
Vertex at origin, focus (a, 0): y* = 4ax
Parametric equations: x = at?, y = 2at
(d) Ellipse

2 2
Centre at origin, foci (:l:\/ az + b2, 0): Z—z+ % =1

where a = semi-major axis, b = semi-minor axis
Parametric equations: x =acosf, y = bsiné
(e) Hyperbola
Centre at origin, foci (:I: VaZ+ b2, 0): Z—Z— ;”—z =1
Parametric equations: x = asec6, y =btané
Rectangular hyperbola:

a a a®
Centre at origin, vertex + (—, — |: xy === ¢?
& (ﬁ ! \/§> V=3
a .
where ¢ = — ie xy=c2

V2
Parametric equations: x = ct, y =c/t
4 Laws of mathematics
(a) Associative laws — for addition and multiplication
a+(b+c)=(@a+b)+c
a(bc) = (ab)c
(b) Commutative laws — for addition and multiplication
a+b=b+a
ab =ba
(©) Distributive laws - for multiplication and division
a(b+c)=ab+ac

b+c b ¢ .
p —E-I-E(prowdeda;éO)




Frames

Numerical
solutions of
equations and
interpolation

Learning outcomes

When you have completed this Programme you will be able to:
e Appreciate the Fundamental Theorem of Algebra

e Find the two roots of a quadratic equation and recognise that for
polynomial equations with real coefficients complex roots exist in
complex conjugate paits

e Use the relationships between the coefficients and the roots of a
polynomial equation to find the roots of the polynomial

e Transform a cubic equation to its reduced form

e Use Tartaglia’s solution to find the real root of a cubic equation

e Find the solution of the equation f(x) =0 by the method of
bisection

e Solve equations involving a single real variable by iteration and use
a spreadsheet for efficiency

e Solve equations using the Newton-Raphson iterative method

e Use the modified Newton-Raphson method to find the first
approximation when the derivative is small

e Understand the meaning of interpolation and use simple linear and
graphical interpolation

e Use the Gregory-Newton interpolation formula with forward and
backward differences for equally spaced domain points

e Use the Gauss interpolation formulas using central differences for
equally spaced domain points

e Use Lagrange interpolation when the domain points are not
equally spaced



2 Programme 1

introduction

In this Programme we shall be looking at analytic and numerical
methods of solving the general equation in a single variable, f(x) = 0.
In addition, a functional relationship can be exhibited in the form of a
collection of ordered pairs rather than in the form of an algebraic
expression. We shall be looking at interpolation methods of estimat-
ing values of f(x) for intermediate values of x between those listed
among the ordered pairs.

First we shall look at the Fundamental Theorem of Algebra,
which deals with the factorisation of polynomials.

The Fundamental Theorem of
Algebra

The Fundamental Theorem of Algebra can be stated as follows

Every polynomial expression f(x)=a,x" + @ 1x* 1 + ...

+ a1X + ap can be written as a product of n linear factors

in the form

FX) = an(x—r)(x—72)(- - )(x — 7)

As an immediate consequence of this we can see that there are n values
of x that satisfy the polynomial equation f(x) =0, namely x=ry,
X=ry, ..., X =Ty We call these values the roots of the polynomial, but
be aware that they may not all be distinct. Furthermore, the
polynomial coefficients g; and the polynomial roots r; may be real,
imaginary or complex.

For example the quadratic equation

%2 +5x+6 =0 can be written (x+2)(x+3) =0 so it has the two
distinct toots x = —2 and x = -3

%% — 4x + 4 = 0 can be written as (x — 2)(x — 2) = 0 so it has the two
coincident roots x =2 and x = 2

%% +x+1 =0 can be written as (x + a)(x + b) = O so it has the two
roots x=—agand x=—b

To find the numerical values of a and b we need to use the formula for
finding the roots of a general quadratic equation. Can you recall what
it is? If not, then refer to Frame 14 of Programme F.6 in Engineering
Mathematics, Fifth Edition.

The solution to the quadratic equation ax? + bx +c=0is............

The answer is in the next frame
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Y= —b+vb? — 4ac
- 2a

So theroots of xX2+x+1=0are............
Next frame

Because

—b+vb2—4ac -1+vV1-4

da=b=c=1landsox=

2a 2
1,.V3

This quadratic equation has two distinct complex roots. Notice that the
two roots form a complex conjugate pair — each is the complex conjugate
of the other. Whenever a polynomial with real coefficients a;
has a complex root it also has the complex conjugate as
another root.

So given that x = —2 + j/5 is one root of a quadratic equation with
real coefficients then

the other rootis ............

x=-2-j/5

Because

The complex conjugate of x=-2+jV5 is x=-2-jv5 and
complex roots of a polynomial equation with real coefficients
always appear as conjugate pairs.

The quadratic equation with these two rootsis............
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¥ +4x+9=0

Because

If x=a and x = b are the two roots of a quadratic equation then
(x—a)(x—b)=0 gives the quadratic equation. That is
(x—a)(x—b)=x%>—(a+b)x+ab=0.

Here, the two roots are x = —2 +j/5 and x = —2 — j/5 so that
(x— [—2+i\/§])(x— [—Z—i\/g]) =0

That is xz—x[—2+j\/§—2—j\/§] + [—Z-I-i\/g] [—Z—i\/g] =0.

Sox2+4x+9=0.

Notice that the coefficients are ............

Real

Relations between the coefficients and the roots of a
polynomial equation

Let o, B, v be the roots of x3 + px? + gx +r = 0. Then, writing the
expression x3 + px? + gx +r in terms of o, 3, v gives

Bp4ge+r=............

(x—a)x-p(x-7)

Therefore
Bprgu+r=x—-a)(x—p0)(x—")
= (- [a+Ax+af)(x—7)
=x3 - (a+ ﬁ)xZ +afx — %% + (a+ B)yx — ofy
=%~ (a+B+7x* + (af + By +72)x — afy
equating coefficients
@ a+B+y=-cei. ..

@ -p b q (© —r

This, of course, applies to a cubic equation. Let us extend this to a
more general equation.
So on to the next frame
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In general, if a1, a2, a3 ..., are roots of the equation

PoxX™ + p1x" 7t + pox™ 2 4 L+ pp_iX + pn =0 (po#0)
then sum of the roots B
bo
sum of products of the roots, two at a time =%
o
sum of products of the roots, three at a time = —%
0
sum of products of the roots, n at a time = (—1)".?
0

So for the equation 3x* +2x3 + 5x2 + 7x — 4 =0, if o, 3, v, 6 are the
four roots, then

@ a+B8+y+bé=..ccooa.n.

(b) aB+ By +y6+8a+8B+ya=............
©) afy+Py6+~vba+aBb=............
dafyb=.ccccen.....

@ -2 % © -2 @ -3

Now for a problem or two on the same topic.

Example 1

Solve the equation x3 — 8x? + 9x + 18 = 0 given that the sum of two of
the roots is 5.
Using the same approach as before, if o, 3, 7 are the roots, then

@ a+B+y=.ceiiiii...
) af+By+va=..cc.c......
© afy=.ccveno...

@@ 8 ()9 (o -18

Sowe have a+ 3+~v=8 Leta+p8=S5
o854+ y=8 .4=3
Also ofy=-18 af(3) =-18 Soaf=-6
a+pB=5 .. B=5-a .. a5-a)=-6
?-52-6=0 .. (a-6)(a+1)=0 .. a=-1loré6
C.B=6o0r —1

Rootsarex=-1, 3, 6
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Example 2

Solve the equation 2x3 +3x% — 11x — 6 = 0 given that the three roots
form an arithmetic sequence.

Let us represent the roots by (a —k), a, (a +k)

Then the sum of the roots =3a=............

and the product of the roots =a(a—k)(a+k)=............

3a=_3, a(a+k)(a—k)=g=3

2
1 1/1 5\ ... S
a——'i —E(Z—k)—:a . k—ﬂ:z
5 1
1f]<=E a=-3; a—-k=-3; a+k= 2
) 1
Ifk——i a——i, a-k= 2;, a+k=-3

*. required roots are —3, —%, 2

Here is a similar one.

Example 3

Solve the equation x3 + 3x2 — 6x — 8 = 0 given that the three roots are
in geometric sequence.

This time, let the roots be {—, a, ak

a a
Then x=a+ ak=............ and (f) (@(ak)=............

sum of roots = —3; product of roots = 8

It then follows that the roots are ............ ) eeeeeeenaas et

-4, 2, -1

The working rests on the relationships between the roots and the
coefficients, i.e. if a, 8, v are the roots of the cubic equation

ax> +bx> +cx+d=0
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@ -2 o5 © -2

In each of the three examples reconstruct the cubic to confirm that
they are correct.
Now on to the next stage

Cubic equations

The Fundamental Theorem of Algebra tells us that every cubic
expression

f(x)=ax®+bx* +cx+d

can be written as a product of three linear factors
f(x) = alx —r)(x —12)(x —13)

Consequently, every cubic equation
fx)=ax—n)x—r)x—r)=0

has three roots which may be distinct or coincident and which may be
real or complex. However, because complex roots of a polynomial
with real coefficients always appear in cornplex conjugate pairs we can
say that every such cubic equation has

atleastone ............

at least one real root

To find the value of this real root we can employ a formula equivalent
to the formula used to find the two roots of the general quadratic. This
is called Tartaglia’s method but before we can proceed to look at that
we must first consider how to transform the general cubic to its
reduced form.

Next frame

Transforming a cubic to reduced form
In every case, an equation of the form
B+ax® +bx+c=0
can be converted into the reduced form y*+py+q=0 by the
substitution x =y — g.

The example overleaf will demonstrate the method. | 4
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Example 4
Express f(x) = x3 + 6x2 — 4x + 5 = 0 in reduced form.
Substitutex=y—§, ie. x=y—§=y—2. Putx=y—-2.

The equation then becomes
y-2°+6(y-2"-4(y—-2)+5=0
(0 —3y%2+3y4—-8)+ 60 -4y +4)—4(y-2)+5=0
which simplifiesto ............

¥} —16y+29=0

Tartaglia's solution for a real root

In the sixteenth century, Tartaglia discovered that a root of the cubic
equation x3 + ax + b = 0, where a > 0, is given by

O LN I G N 2
- 2 27 ' 4 2 27 " 4

That looks pretty formidable, but it is a good deal easier than it

a3 b2

b b . .
appears. Notice that 3 and 27 + 4 occur twice and it is convenient

to evaluate these first and then substitute the results in the main
expression for x.

Example 5

Find a real root of x3 +2x +5=0.
b

Here,a=2,b=5 .. §=2~5

@ D 8 25

\/2—74'? = -2—7+—4—-— v6-5463 = 2-5586

Then x = (—2-5 + 2-5586)'/3 + (—2:5 — 2:5586)"/3
—0-3884 — 17166 = —1-3282  x=—1-328

Once we have a real root, the equation can be reduced to a quadratic
and the remaining two roots determined. They are x = 0-664 +j1-823
and x =0-664 —j1-823 (see Engineering Mathematics, Fifth Edition,
Programme F.6).

Example 6
Determine a real root of 2x3 + 3x — 4 = 0.
This is first written x3 +1-5x —2=0 .. a=15,b=-2

a3 b2
Now you can evaluate g and % + % and so determine
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0-8796

Because

1/3
b a b 1/3_
{_§+ §7+Z} = {2:06066}'/*= 1.2725 and

1/3
b a b _ 1/3_ _q.
{_E ~\35+ Z} = {-0-6066}"°= —0-3929,

therefore x = 1-2725 — 0-3929 = 0-8796

Note: If you wish to find the real root of a cubic using Tartaglia’s
method and a < 0 then just multiply the entire equation by —1.

Next frame

Numerical methods

The methods that we have used so far to solve quadratic equations and
to find the real root of a cubic equation are called analytic methods.
These analytic methods used straightforward algebraic techniques to
develop a formula for the answer. The numerical value of the answer
can then be found by simple substitution of numbers for the variables
in the formula. Unfortunately, general polynomial equations of order
five or higher cannot by solved by analytic methods. Instead, we must
resort to what are termed numerical methods. The simplest method of
finding the solution to the equation f(x) = 0 is the bisection method.

Bisection
The bisection method of finding a solution to the equation f(x) =0
consists of

Finding a value of x, say x = a, such that f(a) < 0
Finding a value of x, say x = b, such that f(b) >0
The solution to the equation f(x) = 0 must then lie between a and b.
Furthermore, it must lie either in the first half of the interval between
a and b or in the second half.
f(x) 1
f(b)>0

f([a + b}/2)

a+b b X

f(a)<0 2 >
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Find the value of f([a + b]/2) - that is halfway between a and b.

If f([a+Db]/2) >0 then the solution lies in the first half and if
f(la+Db]/2) <0 then it lies in the second half. This procedure is
repeated, narrowing down the width of the interval by a half each
time. An example should clarify all this.

Example 7

Find the positive value of x that satisfies the equation x2 —2 = 0.
Firstly we note that if x =1 then x> — 2 <0, and that if x = 2 then
x%2 — 2 > 0, so the solution that we seek must lie between 1 and 2.

We look for the ............

The mid-point between 1 and 2 which is 1-5

Now, when x = 1-5, X2 -2 =0-25>0

so the solution must lie between ............

1and 1-5

The mid-point between 1 and 1-5 is 1-25. When x =125,
x -2=-04375<0

so the solution must lie between ............

1-25 and 1-5

The mid-point between 1-25 and 1-5 is 1-375. We now evaluate x> — 2
at this point and determine in which half interval the solution lies.
This process is repeated and the following table displays the results. In
each block of six numbers the first column lists the end points of the
interval and the mid-point. The second column contains the
respective values f(x) = x> — 2. Construct the table as follows.

(a) For each block of six numbers copy the last number in the first
column into the second place of the first column of the following
block. This represents the centre point of the previous interval.

(b) For each block of six numbers copy the number that represents the
other end point of the new interval from the first column into
the first place of the first column of the following block. Look
at the signs in the second column of the first block to decide which
is the appropriate number.
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a 1-0000_-1:0000 _,1-0000 —1-0000 > 1-5000 0-2500  1-5000 ~0-2500
b 2:0000 2-0000 > 1-5000 —02500 > 1-2500 —0-4375  1-3750 —0-1094
(@+b)/2  1-5000—02500 1-2500=04375 1-3750 —0-1094 14375 0-0664
a 113750 —0-1094 14375 00664 1-4063 —0-0225 1-4219 0-0217
b 144375 00664 14063 —0-0225 1-4219 0-0217 1-4141 —0-0004

(a+b)/2 1-4063 —0:0225 1-4219 0-0217 1-4141 —0-0004 1-4180 0-0106

a 14141 —0-0004 1-4141 —0-0004 1-4141 —0-0004 1-4141 —0-0004

b 14180 00106 1-4160 0-0051 14150 00023 1-4146 0-0010
(a+b)/2 14160 0-0051 14150 00023 1-4146 0-0010 1-4143 0-0003

a 14141 —0-0004 1.4143 0-0003  1-4142 —0-0001

b 1-4143 00003 1-4142 —0-0001 14142 0-0001

(a+b)/2  1-4142 —0-0001 1-4142 0-0001 1-4142 0-0000

The final result to four decimal places is x = 1-4142 which is the
correct answer to that level of accuracy — but it has taken a lot of
activity to produce it. A much faster way of solving this equation is to
use an iteration formula that was first devised by Newton.

Next frame

Numerical solution of equations
by iteration

The process of finding the numerical solution to the equation
fx)=0

by iteration is petformed by first finding an approximate solution and

then using this approximate solution to find a more accurate solution.

This process is repeated until a solution is found to the required level

of accuracy. For example, Newton showed that the square root of a
number a can be found from the iteration equation

1 a .
Xi+1=§(Xi+*)—(“), 120,1,2,...

i
where X, is the approximation that starts the iteration off. So, to find a
succession of approximate values of v/2, each of increasing accuracy,

we proceed as follows. Let xp = 1-5 — found by the first stage of the
bisection method. Then

X1 = l (Xo +£) =0-5(1-5+2/1-5) = 1-4166...
2 X0

This value is then used to find x;.
By rounding x; to 1-4167, the value of x, is found tobe ............
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Xp = 1-4142

Because

2

This has achieved the same level of accuracy as the bisection method
in just two steps.

Xp =1 (x1 +xi) — 0-5(1-4167 + 2/1-4167) = 14142 . ..
1

Using a spreadsheet

This simple iteration procedure is more efficiently performed using a
spreadsheet. If the use of a spreadsheet is a totally new experience for
you then you are referred to Programme 4 of Engineering Mathematics,
Fifth Edition where the spreadsheet is introduced as a tool for
constructing graphs of functions. If you have a limited knowledge
then you will be able to follow the text from here. The spreadsheet we
shall be using here is Microsoft Excel, though all commercial
spreadsheets possess the equivalent functionality.

Open your spreadsheet and in cell Al enter # and press Enter. In
this first column we are going to enter the iteration numbers. In cell
A2 enter the number 0 and press Enter. Place the cell highlight in cell
A2 and highlight the block of cells A2 to A7 by holding down the
mouse button and wiping the highlight down to cell A7. Click the
Edit command on the Command bar and point at Fill from the drop-
down menu. Select Series from the next drop-down menu and accept
the default Step value of 1 by clicking OK in the Series window.

The cells A3 to A7 fill with ............

the numbers 1 to 5

In cell Bl enter the letter x — this column is going to contain the
successive x-values obtained by iteration. In cell B2 enter the value of
Xo, namely 1-5.
In cell B3 enter the formula
= 0-5*(B2+2/B2)
The number that appears in cell B3 is then ............

1-416667

Place the cell highlight in cell B3, click the command Edit on the
Command bar and select Copy from the drop-down menu. You have
now copied the formula in cell B3 onto the Clipboard. Highlight the
cells B4 to B7 and then click the Edit command again but this time
select Paste from the drop-down menu.

The cells B4 to B7 fill with numbers to provide the display
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n X

0 15

1 1-416667
2 1-414216
3 1414214
4 1-414214
5 1-414214

By using the various formatting facilities provided by the spreadsheet
the display can be amended to provide the following

X
1-500000000000000
1-416666666666670
1-414215686274510
1-414213562374690
1-414213562373090
1-414213562373090

The number of decimal places here is 15, which is far greater than is
normally required but it does demonstrate how effective a spreadsheet
can be. In future we shall restrict the displays to 6 decimal places.

Notice that to find a value accurate to a given number of decimal places or
significant figures it is sufficient to repeat the iterations until there is no
change in the result from one iteration to the next.

Save your spreadsheet under some suitable name such as Newton
because you may wish to use it again.

Now we shall look at this spreadsheet a little more closely

Kk WN=ORX

Relative addresses

Place the cell highlight in cell B3 and the formula that it contains is
=0-5*(B2+2/B2). Now place the cell highlight in cell B4 and the
formula there is =0-5*(B3+2/B3). Why the difference?

When you enter the cell address B2 in the formula in B3 the
spreadsheet understands that to mean the contents of the cell
immediately above. It is this meaning that is copied into cell B4 where
the cell immediately above is B3. If you wish to refer to a specific cell in a
formula then you must use an absolute address.

Place the cell highlight in cell C1 and enter the number 2. Now
place the cell highlight in cell B3 and re-enter the formula

= 0-5*(B2+$C$1/B2)

and copy this into cells B4 to B7. The numbers in the second column
have not changed but the formulas have because in cells B3 to B7 the
same reference is made to cell C1. The use of the dollar signs has
indicated an absolute address. So why would we do this?

Change the number in cell C1 to 3 to obtain the display ............
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X
1-500000000000000
1-750000000000000
1-732142857142860
1:732050810014730
1-732050807568880
1-732050807568880

LNk W= OSI

These are the iterated values of v/3 — the square root of the contents of
cell C1. We can now use the same spreadsheet to find the square root
of any positive number.

Newton’s iterative procedure to find the square root of a positive
number is a special case of the Newton-Raphson procedure to find
the solution of the general equation f(x) = 0, and we shall look at this
in the next frame.

Newton-Raphson iterative method

Consider the graph of y = f(x) as y
shown. Then the x-value at the
point A, where the graph crosses
the x-axis, gives a solution of the

equation f(x) = 0. fx)

If P is a point on the curve near
to A, then x = x¢ is an approx-
imate value of the root of
f(x) = 0, the error of the approx-
imation being given by AB. o

Let PQ be the tangent to the curve as P, crossing the x-axis at
Q (x1,0). Then x = x; is a better approximation to the required root.

From the diagram, S—B = [%XZ] i.e. the value of the derivative of y at
P ‘
the point P, x = x,.
PB
" gp=I(0) and PB=f(x)
. PB _ f(x)
S QB= = =h (sa
oo FGoy " )
X1 =Xx9—h R 4] =X0—f(xo)

f'(xo0)
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If we begin, therefore, with an approximate value (xp) of the root, we
can determine a better approximation (x;). Naturally, the process can
be repeated to improve the result still further. Let us see this in
operation.

On to the next frame

Example 1
The equation x> —3x—4 =0 is of the form f(x) = 0 where f(1) <0
and f(3) > 0 so there is a solution to the equation between 1 and 3. We
shall take this to be 2, by bisection. Find a better approximation to
the root.
We have f(x) =x> -3x—-4 .. f/(x) =3x2-3
If the first approximation is xo = 2, then

f(x0) =f(2)=-2 and ['(x0)=f"(2)=9
A better approximation x; is given by

_ f(Xo) —y _X03—3Xo—4
fixo) 0 3x%2-3

x1=2—(—_§9=2-22

L Xo=2; x1 =222

X1 = X0

If we now start from x; we can get a better approximation still by
repeating the process.

o= 31— f(x1) _x13—3x1—4
2= f'(xl)_ ! 3X12—3
Here x; = 2-22 fx)=..cooii. ;o )=t
f(x1) =0281; f'(x1)=11-785
Thenxp=............
Xy = 2-196
Because
0-281
X9 = 2:22 — m = 2196

Using x2 = 2:196 as a starter value, we can continue the process until
successive results agree to the desired degree of accuracy.
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x3 = 2-196
Because
f(x2) = f(2-196) = 0-002026; f'(x2) =f'(2-196) = 11-467
i o flxz2) ) B 0-00203 _ .
. X3 =X i)~ 2-196 1467 = 2-196 (to 4 sig. fig.)

The process is simple but effective and can be repeated again and
again. Each repetition, or iteration, usually gives a result nearer to the
required root x = x4.

In general Xpp 1 =...c.n.....

f(Xn)

e =T )

Tabular display of results

Open your spreadsheet and in cells Al to D1 enter the headings n, x,
f(x) and f'(x)

Fill cells A2 to A6 with the numbers O to 4

In cell B2 enter the value for xo, namely 2

In cell C2 enter the formula for f(x9), namely =B2*3 — 3*B2 - 4 and
copy into cells C3 to C6

In cell D2 enter the formula for f’(xo), namely =3*B2”2 - 3 and copy
into cells D3 to D6

In cell B3 enter the formula for x;, namely =B2 - C2/D2 and copy into
cells B4 to B6.
The final display is ............

n x f(x) ()

0 2 -2 9

1 2222222 0-30727 11-81481
2 2-196215 0-004492 11-47008
3 2195823 1-01E-06 11-46492
4  2-195823 S5-15E-14 11-46492

As soon as the number in the second column is repeated then we
know that we have arrived at that particular level of accuracy. The
required root is therefore x = 2-195823 to 6 dp. Save the spreadsheet so
that it can be used as a template for other such problems.
Now let us have another example.
Next frame
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Example 2

The equation x3+2x2—-5x—1=0 is of the form f(x) =0 where
f(1) < 0 and f(2) > 0 so there is a solution to the equation between 1
and 2. We shall take this to be x =1-5. Use the Newton-Raphson
method to find the root to six decimal places.

Use the previous spreadsheet as a template and make the following
amendments

In cell B2 enter the number ............

1-5

Because
That is the value of x that is used to start the iteration

In cell C2 enter the formula ............

=B2"3 + 2*B272 - 5*B2 -1

Because

That is the value of f(x) = xo3 + 2x¢% — 5xp — 1. Copy the contents
of cell C2 into cells C3 to CS5.

In cell D2 enter the formula ............

=3*B2"2 + 4*B2 -5

Because

That is the value of f/(xo) = 3x0> + 4xo — 5. Copy the contents of
cell D2 into cells D3 to D5.

In cell B2 the formula remains the same as ............

=B2 - C2/D2

The final display is then ............
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x ) F(x)
1-5 —-0-625 775
1-580645 0-042798 8-817898
1-575792 0-000159 8:752524
1-575773 2-21E-09 8-75228

wN= O

We cannot be sure that the value 1-575773 is accurate to the sixth
decimal place so we must extend the table.

Highlight cells AS to D5, click Edit on the Command bar and select
Copy from the drop-down menu.

Place the cell highlight in cell A6, click Edit and then Paste.
The seventh row of the spreadsheet then fills to produce the display

X f(x) ()
1-5 —0-625 775
1-580645 0-042798 8-817898
1-:575792 0-000159 8:752524
1-575773 2-21E09 8-75228
1-875773 —8-9E-16 8-75228

W= O3

And the repetition of the x-value ensures that the solution
x = 1-575773 is indeed accurate to 6 dp.
Now do one completely on your own.
Next frame

Example 3

The equation 2x3 — 7x2 — x 4+ 12 = 0 has a root near to x = 1-5. Use the
Newton-Raphson method to find the root to six decimal places.
The spreadsheet solution produces ............

x =1-686141 to 6 dp

Because

Fill cells A2 to A6 with the numbers 0 to 4

In cell B2 enter the value for x;, namely 1-5

In cell C2 enter the formula for f(x¢), namely =2*B2*3 — 7*B2~2 - B2
+ 12 and copy into cells C3 to C6

In cell D2 enter the formula for f’(xp), namely =6*B2”2 — 14*B2 ~ 1
and copy into cells D3 to D6

In cell B3 enter the formula for x;, namely =B2 - C2/D2 and copy into

cells B4 to Bé6.
The final display is ............
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n x ) F(x)

0 1-5 15 -85

1 1:676471 0-:073275 —7-60727
2 1-686103 0-000286 —7-54778
3 1-686141 4-46E-09 —7-54755
4 1:686141 0 —7-54755

As soon as the number in the second column is repeated then we
know that we have arrived at that particular level of accuracy. The
required root is therefore x = 1-686141 to 6 dp.

First approximations

The whole process hinges on knowing a ‘starter’ value as first
approximation. If we are not given a hint, this information can be
found by either

(a) applying the remainder theorem if the function is a polynomial
(b) drawing a sketch graph of the function.

Example 4

Find the real root of the equation x3 4+ 5x> — 3x — 4 = 0 correct to six
significant figures.

Application of the remainder theorem

involves substituting x =0, x = +1, x = +2, y

etc. until two adjacent values give a change -—13

in sign.

f(x)=x>+5x2—-3x—4

fO)=-4 f(1)=-1 f(-1)=3
The sign changes from f(0) to f(—1). There
is thus a root between x = 0 and x = —1.

Therefore choose x=—-0-5 as the first
approximation and then proceed as before. -4

Complete the table and obtain the root
X =it

x=—-0-675527

The final spreadsheet display is

n x f(x) ')

0 -0-5 ~1-375 ~7:25

1 —0-689655 0-11907 ~8:469679
2 ~0-675597 0-000582 ~8:386675
3 ~0-675527 1-43E-08 ~8:386262
4 ~0-675527 0 ~8-386262
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Example 5

Solve the equation e*+x—2=0 giving the root to 6 significant
figures.

It is sometimes more convenient to obtain a first approximation to
the required root from a sketch graph of the function, or by some
other graphical means.

In this case, the equation can be rewritten as e* =2 —x and we
therefore sketch graphsof y=¢*and y =2 —x.

X 0-2 0-4 0-6 0-8 1
e 1.22 1-49 1-82 2-23 2:72
2—x 1-8 1-6 1-4 1-2 1
y
3

0

It can be seen that the two curves cross over between x = 0-4 and
x = 0-6.
Approximate root x = 0-4

fxy=e+x-2 ff(x)y=€e+1
X=...ciiiiin.
Finish it off
x = 0-442854
The final spreadsheet display is
n X F(%) f/(x)
0 0-4 —0-10818 2-491825
1 0-443412 0-001426 2-558014
2 0-442854 2-42E-07 2-557146
3 0-442854 7-11E-15 2-557146

Note: There are times when the normal application of the Newton-
Raphson method fails to converge to the required root. This is
particularly so when f”(xo) is very small, so before we leave this section
let us consider this difficulty.
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Modified Newton-Raphson method

If the slope of the curve at x = xp is small, the value of the second
approximation x = x; may be further from the exact root at A than the
first approximation.

) |

_—

X / Xo X

If x = xp is an approximate solution of f(x) =0 and x = xo — h is the
exact solution then f(xo — h) = 0. By Taylor’s series

hZ
F(xo = H) = F(x0) = hf'(x0) + 5" (%0) = ... =0
(a) If we assume that & is small enough to neglect terms of the order h?
and higher then this equation can be written as
f(xo — h) = f(x0) — hf'(x0), that is f(xo) — hf'(x0) =~ O and so
1 Fx0) f(x0)
f'(x0) f*(xo)
to the solution of f(x) = 0.

giving x; = xp —

as a better approximation

This is, of course, the relationship we have been using and which
may fail when f’(x) is small.

Notice: h is positive unless the sign of f(x) is the opposite of the
sign of f’(xo).
(b) If we consider the first three terms then
2
f(xo — h) = f(x0) — hf"(x0) +%f”(xo) ~ 0, that is

2f (x0) — 2hf" (x0) + H*f"(x0) = O
Since f"(xp) is small we shall assume that we can neglect it so

—2f(x0)
h=+
1" (x0)
That is h= _f?’z(cx{))) unless the signs of f(xo) and f'(xo) are
0
different when it is h = — f%"(c)(;‘;)' We use this result only when
f'(x0) is found to be very small. Having found x; from xo we then
revert to the normal relationship x,.1 = x, — 7’:'(();(0)) for subsequent
0

iterations.
Note this
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Example 6

The equation x> — 1-3x2 4+ 0-4x — 0-03 = 0 is known to have a root near
x = 0-7. Determine the root to 6 significant figures.

We start off in the usual way.
f(x) =x3 —1-3x* + 0-4x — 0-03
fl(x) =3x%2—2:6x+04

and complete the first line of the normal table.

[ (%n)
n Xn f (xn) f'(xn) h= f’(x:) Xny1 =Xn—h
0 |07
Complete just the first line of values.
We have
f(xn)
n | x, f(*n) ' (xn) h= 7 (x';) Xps1 =Xn—h
0 |07 | —0-044 0-05 —0-88 1-58

We notice at once that

(a) The value of x; is well away from the approximate value (0-7) of
the root.

(b) The value of f’(xo) is small, i.e. 0-05.

To obtain x; we therefore make a fresh start, using the modified
relationship x; =............

f(x) =x3-13x2+04x— 003 = [(x— 1-3)x + 0-4]x — 0-03
F(X) =3x% — 2:6x +0-4 = (3x—2:6)x+04
'(x) =6x—26

n x| fa) | oo h:‘/;fgr(‘%» ¥ =xth

0 |07 —-0-044

Complete the line
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n | foe) | e | he T x ek

0 |07 | —0-044 1-6 0-2345 0-9345

Note that in the expression x; = xo &+ h, we chose the positive sign
since at xg = 0-7, f(xo) is negative and the slope f’(xo) is positive.

07 /(1 X
|
~0-044 —

Having established that x; = 0-9345, we now revert to the usual

f(%n)

el =X T )

therefore and obtain the required root.

for the rest of the calculation. Complete the table

The final spreadsheet display is

n x f(x) ) (%)
0 07 —0-044 0-05 16
1 0934521 0-024625 0-590233

2 0-892801 0-002544 0-469997

3 0887387 4-02E-05 0-45516

4 0887298 1-06E-08 0-454919

5 0887298 9-16E-16 0-454919

Therefore to six decimal places the required root is x = 0-887298.
Note that we only used the modified method to find x;. After that
the normal relationship is used.

And now ...

To date our task has been to find a value of x that satisfies an explicit
equation f(x) = 0. This is quite general because any equation in x can
be written in this form. For example, the equation

sinx =x — e3*

can always be written as

sinx—x+e* =0
and then approached by one of the methods that we have discussed
so far.

What we want to do now is to work the other way — given a value of
x, to find the corresponding value of f(x). If f(x) is given explicitly
then this is no problem, it is just a matter of substituting the value of x
in the formula and working it out. However, many times a function
exists but it is not given explicitly, as in the case of a set of readings
compiled as a result of an experiment or practical test. We shall
consider this problem in the following frames.

Next frame
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Interpolation

When a function is defined by a well-understood expression such as
fx)=4x> —3x2 +7
or
f(x) = 5sin(exp[x])
the values of the dependent variable f(x) corresponding to given
values of the independent variable x can be found by direct
substitution. Sometimes, however, a function is not defined in this
way but by a collection of ordered pairs of numbers.

Example 1

A function can be defined by the following set of data:

% (%) Intermediate values, for example, x = 2-5, can be
1 4 estimated by a process called interpolation.

2 14

3 40 The value of f(2-5) will clearly lie between 14 and
4 88 40, the function values for x =2 and x = 3.

5 164

6 274

Purely as an estimate, f(2-5)=...... e
What do you suggest?

27

1 Linear interpolation

If you gave the result as 27, you no doubt agreed that x =25 is
midway between x = 2 and x = 3, and that therefore f(2-5) would be
midway between 14 and 40, i.e. 27. This is the simplest form of
interpolation, but there is no evidence that there is a linear relation-
ship between x and f(x), and the result is therefore suspect.

Of course, we could have estimated the function value at x = 2-5 by
other means, such as
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by drawing the graph of f(x) against x

2 Graphical interpolation

We could, indeed, plot the graph of f(x) against x and, from it,
estimate the value of f(x) at x = 2-5.

y
100
fix)
¥ g0l This method is also
60 approximate and time
consuming.
40
f(2-5) =~ 26
20
1 | ! | 1 |
] 1 2 3 4 x

In what follows we shall look at interpolation using finite differences,
which work well and quickly when the values of x are equally spaced.
When the values of x are not equally spaced we need to resort to the
more involved algebraic method called Lagrangian interpolation (which
could also be used for equally spaced points).

Next frame
3 Gregory-Newton interpolation formula using forward finite
differences

x | f)
: : We assume that xg, xq, ... are
Xo f (x0) distinct, equally spaced apart,
x1 | fx) | Afo=f(x1)—f(x) andxp<x;<...

For each pair of consecutive function values, f(xo) and f(x1), in the
table, the forward difference Afy is calculated by subtracting f(xo) from
f(x1). This difference is written in a third column of the table, midway
between the lines carrying f(xo) and f(x1).

x fx) Af
1 4 10
2 14
26 Complete the table for the data given
3 40 in Frame 59 which then becomes
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x ) Af
1 4 10
2 14 ”
3 40 .8
4 88 e
5164 o
6 274

We now form a fourth column, the forward differences of the values of
Af, denoted by A?f, and again written midway between the lines of
Af. These are the second forward differences of f(x).

So the table then becomes ............

X f®  AF &F

1 4 10

2 14 5 16

3 40 o 2

4 88 e 28

s o164 34 |
6 274

A further column can now be added in like manner, giving the third
differences, denoted by A3f, so that we then have ............

x @ A &F oF
1 4 10

2 14, 16

3 40 . 2

4+ 88 28

s 164 o 34

6 274

Notice that the table has now been completed, for the third
differences are constant and all subsequent differences would be zero.

Now we shall see how to use the table. So move on
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To find f(2-5)
X f(x) Af a’f Af
1 4
10
X0 —~ 2 14 16
h Xp |- == == — 26 6
X1 — 3 40 T-~_1l_ 22
48 -~-_]_ 6
4 88 28 Tm—a ]
76 6
5 164 34
110
6 274

We have to find f(2-5). Therefore denote x = 2 as x

x=3asx;
Let h = the constant range between successive values of x,
ie. h=x1 —xp

}x =25asx

% ;xo , 0<p<1
2:5-20
— =
All we now use from the table is the set of values underlined by the
broken line drawn diagonally from f(xo).

So we have

Express (xp — Xo) as a fraction of h, i.e. p =

Therefore, in the case above, h =1 and p = 0-5.

p=05 fo=14 Af =26 Ay=22 Afo=6

Now we are ready to deal with the Gregory~Newton forward difference
interpolation formula

R T e v

This is sometimes written in operator form

,;,:{1+pA+p(Pz_! 1)A2+p(P_13)!(P_2)A3+...}]%

Nfo+...

which you no doubt recognise as the binomial expansion of
fo=Q0+AY xfo
Substituting the values in the above example gives

F25)=fp=ieeeeernn
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24-625

Because

B 0-5(—0-5)
fr=14+05(26) +— —

=14+13-275+0-375
=27-375 - 275 = 24-625

0-5(—0-5)(—1-5)

(22) + 1x2x3 6)

Comparing the results of the three methods we have discussed
(a) Linear interpolation f(2-5) =27

(b) Graphical interpolation f(2-5) = 26

(c) Gregory-Newton formula f(2-5) = 24-625 — the true value

Example 2
x £(%) It is required to determine the value of f(x) at
2 14 X = 5:5.
4 88 In this case
6 274 X0 = ceeiiiiiiinn X1 =i,
8 620 h =............ pP=eiiii..
10 1174
=4 x1=6, h=2; p=075
Because

h=x1-x=6—-4=2
15

_Xp—Xx0 S5S5—-4 A
=" =g = =07

First compile the table of forward differences ............

x| AF | N | A
2 14
74
Xo — 4 88 112
186 48
Xy — 6 274 160
346 48
8 620 208
554
10 1174

The Gregory-Newton forward difference interpolation formula is
fr=Q0+AY xfo

i.e. fo= i,
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2!
—ﬁH—PAfo+p(P )Azf +P————(P_l3)‘(p_2)A3ﬁ)+...

f,,:{1+pA+P(P_1)A2+p(P_13)!(P_2)A3+...}f0

So, substituting the relevant values from the table, gives

F35) =fr=ernernnn
214-4
Because
X f(x) Af i A%f
2 14
74
X0 —» 4 88 112
Xp ———>f———— —mo - 186 48
X1 —> 6 274 ~L _160
346 1 48
8 620 2087~~~ _
554
10 1174
f(55) = f, = 88 + 0-75(186) + %)2;2—52(160)
0-75(—0-25)(—1-25)
1x2x3 (48)
=88 +139-5 — 15 + 1-875 = 214375

. f(5-5) = 214-4

Finally, one more.

Example 3

Determine the value of f(—1) from the set of function values.

x -4 | -2 0 2 4 6 8
fx) | 541 | 55 1 ~53 | -155 | 31 | 1225

Complete the working and then check with the next frame.
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f(-1)=10

Here is the working; method as before.

X f(x) Af A Af A%
—4 541
—486
Xo — -2 55 432
Xp S G | _—54 —432
x— | 0 1 [~-<<L_ o 384
—54 [~~~_| -48
2 -53 —48 ~~-.] 384
~102 336 [~~-_|
4 —-155 288 384
186 720
6 31 1008
1194
8 1225
Xo=-2; x1=0; sz—l' h=2; p=1
~1p-2

Lo - 1)(P 2)(P 3)
1x2x3x4 A4ﬁ)

=55+= ( 54) +% A 2)(O)Jr%l(j;( 2)( —48)

AEDEDE z)(384

1x2x3x4
=55-27+0-3-15=10
L fr=f-1)=10

This table of data does have its restrictions. For example, if we had
wanted to find f(2-5) from the table we would have run out of data
because there is no A*f entry available. In such a case we can resort to
a zig-zag path through the table using central differences.

Next frame
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Central differences

The central difference operator § is defined by its action on the
expression f(x) as

6F(x) = F(x +h/2) — F(x— h/2)
and using this operator the interpolated value of f(x) near to the given
value of fp is defined by the Gauss forward formula as

P 1) g, IR0

fo = fo+Pfosy +
1 -Dp-2
NUARY IR P
or by the Gauss backward formula as

NIRRT AR VIR P
There are no tabulated values at the half-interval values xo + #/2 and
Xo — /2 and so these are taken to be the differences evaluated at mid-
interval as given in the forward difference table. This means that the
tables for the Gregory—Newton forward differences and the central
differences are identical (apart, that is, from the column headings); the
method of tracing through the table, however, is different. For
example, to find f(2-5) for the example given in Frame 59

x fx) ) Ffx) Ef®
4

10
2 14 16
3 40 22

48 6
4 88 28

76 6
5 164 34

110
6 274

Here xo =2, fo =14, oy, =26, &fo = 16, &f, =6, 8*f =0 and
p=05.Thus
f =14+ 0526+ $DE06, OICONELI)

=14+13-2-0-375 = 24-625

which agrees with the value found using the Gregory—Newton forward
difference formula.
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Try one for yourself. The given tabulated values are

x f o Ff Ofk)
0o -5

3
1 -2 6

- 9\\\‘ ‘///12

2 7'\27/18\

Using the Gauss forward

12 difference formula, the
3 34 30
57 interpolated value of
4 91 fe2y=.....o......
Next frame
10-576
Because

. -1 -Dp+1
Using f, = fo + péfo.y +li(£-2—!——)6% +I—’(£%—)63fm_% +... and
following the solid line through the table where

X0=2, fo=7 &fy=27, &fo=18, &fy=12andp=02,

(02)(-08) . (02)(-08)(12) ,
2 6

then f, = 7 + (0-2)27 +
=7+54-144-0-384

=10-576
Using the Gauss backward difference formula (following the broken
line)
+1 -Dp+1
fo =fo+p8foy +P——-———(p2! ) &fo L=+l 3)!([’ )63f0_% +...

where here 6f,_; = 9 and 8°f,_; = 12 and so

(02)(12) o (09(12)(-08)
2

fr=7+(02)9+ =

=7+18+216 - 0-384 = 10-576

as found with the Gauss forward difference formula.
Next frame
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Gregory-Newton backward
differences

We have seen that the Gregory—-Newton forward difference procedure
loses terms if the interpolation is for points sufficiently forward in the
table. We have also seen how this difficulty can be avoided by using
central differences. However, even with central differences we can run
out of data before completing a full traverse of the table. In such a
situation we resort to the Gregory—Newton backward difference
formula

fp=fo+pAf_1+p(p+1)A2f +P——("+13)!("+2)A3f_3+...

As an example, consider the table of Frame 74.

x f(x) Af A%f A3f
1 4

10
2 14 16

26 6
3 40 22

48 6
4 88 28 _--

76 __--" 6
5 164 _--" 34

--—7110

6 274

Using this table we can calculate f(5-5) by tracing back through the
table (see broken line) as

pif 5+ @IEIES)

(0:5)(1-5)28  (0-5)(1:5)(2:5)6
2 T 6

(0-5)(1-5)
2

f(5-5) =fo+ (0-5)Af1 + A3f 3

=164+ (0-5)76 +

=214-375
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In each of the examples that we have looked at so far the tabular
display of differences eventually results in a column of zeros and this
determines the number of terms in an interpolation calculation. The
zeros have arisen because all the examples have been derived from
polynomials. The following example deals with a tabular display of
differences which does not result in a column of zeros. In this case the
number of terms used in the interpolation calculation determines
confidence in the accuracy of the result.

Example

Use the Gregory-Newton forward difference method to find £(0-15) to
4 decimal places from the following finite difference table

x f(x) Af Azf A3f
0 | 0-000000
0-099833
01 | 0-099833 —0-000998
S J_ 0-098836 ~0-000988
02 | 0198669 | ~~~~-__| -0-001985
0-096851 | T~~~__ | —0-000968
03 | 0-295520 —0002953 | T~~~ __
0-093898 —0-000938
0-4 | 0-389418 —0-003891
0-090007
05 | 0479426

Here x9 = 0-1, x; = 0-2, x, = 0-15 and therefore p = 0-5, and

fo =fo+PpAfo +p__(p2—! 1) A%fy L2 -Dp=2) 13)!([’ ~2) A3y + ...

1

=0-099833 + % (0-098836) + (§> (— %) (—0-001985)/2

+ (%) (_%) (_ %) (~0-000969)/6 + ..

= 0-099833 + 0-049418 + 0-000248 — 0-000061 + . ..
=0-1494 to 4 dp
As you can see, the calculation can continue indefinitely and

termination is dictated by the number of decimal places required in
the final answer.
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Lagrange interpolation

If the straight line p(x) = ap + aix passes through the two points
(%0, f(x0)) and (x1, f(x1)), where ag and a; are constants, then the
equation for this line can also be written as

P =2—
For example, the straight line p(x) = 3 + 2x passes through the two

points (1, 5) and (2, 7). Substituting the values for the variables in the
above equation demonstrates this alternative form for the equation

x—2 x—1
PA)=7—55+5—77=10-5x+7x~7 =3+2x

So, given the two data points from Frame 59, (2, 14) and (3, 40), using
linear interpolation

f(23)=p25)=............
27
Because
PO) = 3 (0) 3= ()
Xo
_X— 3 X — 2
=5 314 40 26x — 38
and so

f(2:5) ~ p(x) = 26(2-5) — 38 = 27

The principle of Lagrange interpolation is that a function f(x) whose
values are given at a collection of points is assumed to be
approximately represented by a polynomial p(x) that passes through
each and every point. The polynomial is called the interpolation
polynomial and it is of degree one less than the number of points
given. For two data points the interpolating polynomial is taken to be
a linear polynomial, as you have just seen in the last example. For
three data points the interpolating polynomial is taken to be a
quadratic, for four data points the interpolation polynomial is taken to
be a cubic, and so on.
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In the same manner as before it can be shown that the quadratic
(%) = ao + a1x + axx*

that passes through the three points (xo, f(xo0)), (*1, f(x1)) and
(%2, f(x2)) can be written as

p(x) = ((x —X1)(X — X2)

Flo) + ((" “X)X =) gy

X0 — X1) (X0 — X2) X1 — Xo)(X1 — X2)

+ (x—xo)(x—xl) f(Xz)

(x2 — x0)(x2 —x1)

So let’s try one. Given the collection of values

x f(x)
1-5 0405
21 0742
3 1-099
by Lagrangian interpolation, f(1-8) ~............ to 2 decimal places
0-58
Because
(x —x1)(x — x2) (x —x0)(x — x2)
= X
p(X) (XO —Xl)(Xo _xz) f(xo) + (Xl — xO)(Xl _XZ) f( 1)
(X —x0)(x — x1)
(2 —x0)(xz —x1) %)
. (x=-21yx-3) x-1-5x-3) .
T (1-5-21)(1-5-3) 0-405 + (2-1-1-5)(2.1-3) 0742
(x=1-5)(x-21)
G-153 21 *
_(¥*-51x+63) (x> —4:5x 4+ 45)
=09 0-405 + —-———(_0. 59) 0-742
2 _ 3. .
(x 316.;5+ 3-15) 1099
= —0-11x? 4+ 0-958x — 0-784
So that

f(1-8) =~ p(1-8) = 0-58 to 2 decimal places.

By carefully considering the interpolating polynomials for two and
three data points you should be able to see a pattern. Write down what
you think the interpolating polynomial should be for four data points:
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(x —x1)(x — x2)(x — x3) (x — x0)(x — x2)(x — x3)
pR) = (%0 — X11)(xo - xzz)(xo —2;3) f(xo) + (21— Xoo)(xl — X2) (%1 — x3) fon)

(x = x0)(x — x1)(x — X3) (x — X0)(x — x1)(x — x2) F(xs)

(x2 — Xx0)(x2 — x1)(x2 — X3) X3 — %0)(x3 — X1)(X3 —x2)|

f(Xz) + (

Use this interpolating polynomial for the data points

x  f®
1 0-368
1-2 0-301
1-3 0-273
1-5 0-223

To 2 decimal places, f(1'4)~............

0-25

Because p(x)
o (x=x1)(x—x2)(x—x3) (x—x0)(x—x2)(x —x3)
~ (x0—x1)(x0—X2)(Xo—X3) flxo) + (%1 —X0)(x1—X2) (%1 — X3) Flx)
(x—X0)(X—x1)(x—x3) (x—X0)(x—x1)(X —X3)
(X2 —X0) (X2 — X1) (X2 — X3) flxa)+ (X3 —x0) (X3 —X1) (X3 — X2) fls)
_ (x=12)(x=1-3)(x—15) 0368 + x—1)(x—1-3)(x—1-5) 0301

= 1-12)1-13)1-15) (12-1)(12-13)(12-15)
" (1-?—_1;2;)-(3_ -11235)((1_31 = 1-5) 0273+ (1-553‘__1%’-‘5_—135)(‘1_-; 5 i-3) 0223
o 37&2-_:)(‘)16‘:);)‘ —18) 573 ¥ =35¢ s 196 0.223

= —0167x3 + 0-767x*> — 1-415x + 1-183

So that
f(1-4) = p(1-4) = 0-25 to 2 decimal places
The general Lagrange interpolation polynomial for n+ 1 data points at
Xo, X1,--., Xn 1S
_ (= x)(x = x2)(-- ) (x — Xn)
PO = G20 2 Ito - 2a) )
(= X0)(x = X2)(- - -)(X — Xn)
G =20 — ) ()0t — %) OV
g = x0) = X)) (X — Xn)
(o= 20) (ot = 20)C ) Gt = 00) ! )
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This now completes the work of this Programme. What follows is a
Revision summary and a Can You? checklist. Read the summary
carefully and respond to the questions in the checklist. When you feel
sure that you are happy with the content of this Programme, try the
Test exercise. Take your time, there is no need to hurry. Finally, a
collection of Further problems provides valuable additional practice.

% Revision summary 1

1 The Fundamental Theorem of Algebra can be stated as follows:
Every polynomial expression f(x) = dpX" + dp_1 X" +---+a1x +ap
can be written as a product of n linear factors in the form

f() = an(x —r)(x =12)(- - )(x = 1)

2 Relations between the coefficients and the roots of a polynomial equation
Whenever a polynomial with real coefficients a; has a complex root
it also has the complex conjugate as another root.

If o, B, v, ... are the roots of the equation
PoxX" +p1X"H +pox" 2 b 4 PuaX +pu=0
then, provided pp # 0
j 4!

sum of roots = —*=
Po

sum of the product of the roots, taken two at a time =%
0

p3
Po
nPn

po’

sum of the product of the roots, taken three at a time = —

sum of the product of the roots, taken n at a time = (-1)

3 Cubic equations
Every cubic equation with real coefficients has at least one real
root that can be found by Tartaglia’s solution. The real root of
¥+ax+b=0,a>0is

Yo b a3+b2 1/3+ b [a® b2 13
“\ 2tVz7t 7 AR

Reduced form

Every cubic equation of the form x3+ax?+bx+c¢=0 can

be written in reduced form y®+py+q=0 by using the
a

transformation x =y — 3

4 Numerical methods
Bisection
The bisection method of finding a solution to the equation
f(x) = O consists of
Finding a value of x such that f(x) <0, say x =«
Finding a value of x such that f(x) > 0, say x = b.

The solution to the equation f(x) = 0 must then lie between a and
b. Furthermore, it must lie either in the first half of the interval
between a4 and b or in the second half.
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5

10

11

Numerical solution of equations by iteration
The process of finding the numerical solution to the equation

f(x)=0
by iteration is petformed by first finding an approximate solution
and then using this approximate solution to find a more accurate

solution. This process is repeated until a solution is found to the
required level of accuracy.

Using a spreadsheet

Iteration procedures are more efficiently performed using a
spreadsheet.

Newton—Raphson iteration method

If x = xo is an approximate solution to the equation f(x) =0, a
better approximation x = x; is given by

_ [(x0)
f'(x0)

Modified Newton-Raphson iteration method

If, in the Newton—-Raphson procedure f’(xo) is sufficiently small
enough to cause the value of x; to be a worse approximation to
the solution than xq, then x; is obtained from the relationship

_ flw)
7o)

X1 = Xo , and in general x,,; = x,

—2f (x0)
X3 =Xp %
N Y
. . _ ., [(xa)
Subsequent iterations then use xn11 = X, — -
f'(%n)
Interpolation
Linear
Graphical

Gregory—Newton interpolation formulas using central finite differences
-1 —1){p-2
ﬁa=f0+PAﬁ)+P(pz, )Asz+P(p 3)'(P )A3f0+

Gauss interpolation formulas using central finite differences
Gauss forward formula

o= o+ oy + 2O Vit 4 DR~ D
RSV R P
Gauss backward formula
fo=To+ pbfo_y + (P';!l)P(Szfo 4 P+ 1)5!(11 -1 foy

L@+ +1p-1)
!

4 e
4 *fo +

39
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12 Gregory-Newton interpolation formula using backward finite
differences

fo=fo+pAfa +=75— 30

13 Lagrange interpolation
If the straight line p(x) = ap + a;1x passes through the two points
(%0, f(x0)) and (x1, f(x1)), where ap and a; are constants, then the
interpolation polynomial (straight line) for this line can be
written as

X—X
PR =1

— X0
X1 — Xo (X1)
The quadratic interpolating polynomial that passes through the
three points (xo, f(x0)), (x1, f(*1)) and (x2, f(x2)) can be written as

(x—x)(x - Xz) (x— XO)(X )
X) =

PO = o =0 — ) 0 B o) = ) Y

(x— xo)(x X1)

(e —x0)(r2 — ) 2
The cubic interpolating polynomial that passes through the four

data points (xo, f(x0)), (x1, f(x1)), (x2, f(x2)) and (x3, f(x3)) can be
written as

_ (x—=x1)(x = x9)(x — x3)
P = (x0 — Xll)(xo - Xzz)(xo —3;63) f(xo)
(x —x0)(x — x2)(x — x3)
T B = %0)(x1 = x2) (x1 — %3) Fla)
(= x0)(x — x1)(x — x3)
T B~ x0) (s — ) (2 — x3) | 2
(x — x0)(x — x1)(x — x3)
(s~ %0) 05 —31) (%5 — x2) )
The interpolating polynomial that passes through n+1 data
points is

(X Xl)(X Xz)( )(X x") f( )
—x1)(X0 — x2)(- ) (X0 — Xn)
(X = X0)(X — X2)( - ) (X — Xn)
(1 = o) (1 —3) () — ) O
(X — Xo)(x — Xl)(. . )(x — xn—l) f(xn)

(% — X0) (Xn — x1) (- +-) (Xn — Xn_1)
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¥4 Can You?

Checklist 1

Check this list before and after you try the end of Programme test.

On a scale of 1 to 5§ how confident are you that Frames
you can:

e Appreciate the Fundamental Theorem of Algebra?
Yese [J 0O 0O 0O 0O No

e Find the two roots of a quadratic equation and
recognise that for polynomial equations with real
coefficients complex roots exist in complex
conjugate pairs?

Yes ] ] ] ] ] No

e Use the relationships between the coefficients and the
roots of a polynomial equation to find the roots of
the polynomial?

Yes O o 0O 0O 0O No

e Transform a cubic equation to reduced form?
Yes (I (J 1 [ No

e Use Tartaglia’s solution to find the real root of a cubic
equation?
Yes [ [0 OO 0O @O No

e Find the solution of the equation f(x) = O by the
method of bisection?
Yes [ O [1 O O No

e Solve equations involving a single real variable by
iteration and use a spreadsheet for efficiency?
Yes [J 0O 0O O O No

e Solve equations using the Newton-Raphson iterative
method?
Y [0 0O 0O [ O No

e Use the modified Newton-Raphson method to find the
first approximation when the derivative is small?
Yes [ 0O 0O [0 O No

e Understand the meaning of interpolation and use
simple linear and graphical interpolation?

Y O 0O O 0O O No
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e Use the Gregory-Newton interpolation formula using
forward and backward differences for equally spaced
domain points?

Yes ] O O O O No

e Use the Gauss interpolation formulas using central
differences for equally spaced domain points?

Yes OJ J O ] ] No

e Use Lagrange interpolation when the domain points
are not equally spaced?

Yes ] O Il Il Il No

Test exercise 1

ik

1 Given that x = —1 +jv/3 is one root of a quadratic equation with real
coefficients, find the other root and hence the quadratic equation.

2 Solve the cubic equation 2x3 — 7x> — 42x + 72 =0.

3 Write the cubic 3x3 + 5x2 + 3x+ 5 in reduced form and use Tartaglia’s
method to find the real root.

4 Use the method of bisection to find a solution to x3 — 5 = 0 correct to 4
significant figures.

5§ Use the Newton-Raphson method to find a positive solution of the
following equation, correct to 6 decimal places:

cos 3x = x2

6 Use the modified Newton-Raphson method to find the solution correct
to 6 decimal places near to x = 2 of the equation

2 —6x>+13x-9=0
7 Given the table of values

x | f()
1 0
2 19
3 70
4 171
5 340
6 595
estimate

(@) f(2-5) using the Gregory—Newton forward difference formula
(b) 1(3-4) using the Gauss central difference formula
(©) (5-6) using the Gregory—Newton backward difference formula.

>
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8 Given the table of values

f&)
4

-9
-108

(ST \S I

use Lagrangian interpolation to estimate the value of f(2-2).

43

Further problems 1

10

11

12

1 1
AL v3 and x = 1+

2 V2
equation with real coefficients, find the other two roots and hence the
quartic equation.

Given that x = are two roots of a quartic

Solve the equation x3 — 5x% — 8x + 12 = 0, given that the sum of two of
the roots is 7.

Find the values of the constants p and g such that the function
f(x) = 2x3 4+ px2 4 gx 4+ 6 may be exactly divisible by (x — 2)(x + 1).

If f(x)=4x*+px>—23x2+gqx+11 and when f(x) is divided by
2x% + 7x + 3 the remainder is 3x + 2, determine the values of p and q.

If one root of the equation x3 —2x2 — 9x+ 18 = 0 is the negative of
another, determine the three roots.

Solve the equation x3 — 7x2 — 21x + 27 = 0, given that the roots form a
geometric sequence.

Form the equation whose roots are those of the equation
x3 +x% + 9x + 9 = 0 each increased by 2.

Form the equation whose roots exceed by 3 the roots of the equation
¥ —-4x*+x+6=0.

If the equation 4x3 —4x%2 —5x+3 =0 is known to have two roots
whose sum is 2, solve the equation.

Solve the equation x* — 10x? + 8x + 64 = 0, given that the product of
two of the roots is the negative of the third.

Form the equation whose roots exceed those of the equation
2x3 —3x2 - 11x4+ 6 =0 by 2.

If o, B, v are the roots of the equation x3 + px? 4 gqx +r = 0, prove that
2+ B+ =p?>-2q
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13

14
15

16

17

18

19

20

Using Tartaglia’s solution, find the real root of the equation
2x3 + 4x — 5 = 0 giving the result to 4 significant figures.

Solve the equation x3 —6x — 4 =0.

Rewrite the equation x3 + 6x% + 9x + 4 = 0 in reduced form and hence
determine the three roots.

Show that the equation x3 + 3x2 — 4x — 6 = 0 has a root between x = 1
and x = 2, and use the Newton-Raphson iterative method to evaluate
this root to 4 significant figures.

Find the real root of the equations:
@ xX¥*+4x+3=0 (b) 5x*+2x—-1=0.
Solve the following equations:
(@ x*-5x+1=0 () ¥*+2x-3=0
(© ¥ —4x+1=0.

Express the following in reduced form and determine the roots:

(@ X}+6x>+9x+5=0
) 8x3+20x2 +6x-9=0
(c) 4x3—9x% +42x—10=0.

Use the Newton-Raphson iterative method to solve the following.

(a) Show that a root of the equation x3+3x%+5x+9 =0 occurs
between x = —2 and x = —3. Evaluate the root to four significant
figures.

(b) Show graphically that the equation e** =25x— 10 has two real
roots and find the larger root correct to four significant figures.

(¢) Verify that the equation x — cos x = 0 has a root near to x = 0-8 and
determine the root correct to three significant figures.

(d) Obtain graphically an approximate root of the equation
2Inx = 3 — x. Evaluate the root correct to four significant figures.

(e) Verify that the equation x* + 5x — 20 =0 has a root at approxi-
mately x = 1-8. Determine the root correct to five significant
figures.

(f) Show that the equation x + 3sinx = 2 has a root between x = 0-4
and x = 0-6. Evaluate the root correct to five significant figures.

(g) The equation 2cosx =¢* — 1 has a real root between x = 0-8 and
x = 0-9. Evaluate the root correct to four significant figures.

(h) The equation 20x3 — 22x2 + 5x — 1 = 0 has a root at approximately
x = 0-6. Determine the value of the root correct to four significant
figures.
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21

22

23

24

A polynomial function is defined by the following set of function
values

X 2 4 6 8 10
y=rf(x) -7-00 9-00 97-0 305 681
Find
(a) f(4-8) using the Gregory—Newton forward difference formula

(b) 1 (7-2) using the Gauss central difference formula
(©) f(8-5) using the Gregory—-Newton backward difference formula.

For the function f(x)
x 4 ) 6 7 8 9 10
f(x) -10 12 56 128 234 380 572
Find
(@) f(4'5) and f(6-4) using the Gregory-Newton forward difference
formula
(b) f(7-1) and f(8-9) using the Gregory—-Newton backward difference
formula.
x 2 4 6 8 10 12
f(x) -9 35 231 675 1463 2691

For the function defined in the table above, evaluate (a) f(2:6) and
®) (7-2).

A function f(x) is defined by the following table
X —4 -2 0 2 4 6 8
fx | 277 51 1 | -17 | —147 | =533 | —1319
Find
(@ f(-3) and f(1-6) using the Gregory-Newton forward difference
formula

(b) 1(0-2) and f(3-1) using the Gauss central difference formula

(© f(44) and f(7) using the Gregory—Newton backward difference
formula.

45
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25

26

27

Given the table of values

x )

-1 ~2:71828
3 —0-04979
5 ~0-00674

use Lagrangian interpolation to find the value of f(3-4).

Given the table of values

X f()

6 0-801153

72 | —0-82236

9 —0-73922
13 0-994808

use Lagrangian interpolation to find the value of f(8).

Given the table of values

X f()

-2 —2-63906
0 ~2-48491
5 -1-94591
6 -1-79176

use Lagrangian interpolation to find the values of
@ f(-08)

(®) f(08)

© £(55).




